Abstract. We give a criterion for a local ring (B0, n0) containing a field to have only tangentially flat deformations. Various examples of such local rings are constructed.
(see Example (2.7) below). So the next question would be whether it is possible to give a complete list of such singularities, but it turns out there are too many of them. The purpose of this paper is to give a criterion for local rings (BQ, n0) to have only tangentially flat deformations in terms of the normal module NR of B0 (with respect to a formal local embedding into some regular scheme). As an application we give various examples of local singularities (B0, n0) of all dimensions having only tangentially flat deformations.
Note that each such singularity (B0, n0) gives a class of flat local extensions A -> B of local rings (those with fiber B0 ), for which the problem of LechHironaka [L, p. 72; Hi, Problem 10 .2] has trivially a positive answer, i.e., the local Hilbert functions HA and HB of A and B respectively satisfy HdA(n) < H°B(n) for n e N and d := dimB0.
Throughout the paper we use the standard assumptions and notation of commutative algebra as in [Ma, Bo] (unless stated otherwise). Local rings will always be Noetherian.
1. Some criteria for tangential flatness (1.1) Definition. Let G = ®n>0G(n) be a (commutative) graded algebra of finite type over the Artin local ring G(0) of elements of degree zero. Then the Hilbert series HG of G is the formal power series HQ = J2nez^GÍn)^" w*tn integer coefficients \._ J lengthG(0) Gin) for « > 0, I 0 otherwise.
The /th sum transform of the Hilbert series of G is defined to be 4:=£4(n)r"'^(l-rr'/Lj. nez Given any two formal power series H = J2H(n)Tn and H' = J2H'(n)Tn with integer coefficients, the inequality H < H' is to be understood in the sense of total order, i.e., H(n) < H'(n) for all n .
Let (A, m) be a local ring. Then the Hilbert series of A and its sum transforms are defined to be HA-=Hv (A) and HA-=Hv(A) respectively. Here gr(A) denotes the associated graded ring with respect to the powers of the maximal ideal m of A . The essential part of the proof of the following theorem can be found in [He,] . is injective (in which case it is bijective for any such section s). (e) The homomorphism gr(/): gr(A) -> gr(5) induced by f is flat, i.e., f is tangentially flat. Conditions (b) and (c) are satisfied, provided one of them is satisfied for i = 1. Proof. Assertion (i) is just Theorem 1 of [He2] . From Theorem 2 of [He2] we know that equality in (i) is equivalent to any of the conditions (b), (d), and (e). Condition (c) is simply a reformulation of (b). To see this, observe that &iB/mB) = 0(ny + m'5)/(n;+I + rriB)
;>o = ®nJ/(nj+i+miBnnj) and gr(B)/gr^(A)gr(B) = 0nj/(nJ+l H-mV-').
So the canonical surjections of (c) are bijective if and only if mB n nj = mV-' + m B n n^1 .
An easy induction shows that this is equivalent to the identities of (b) (use the lemmas of Artin-Rees and Nakayama). We have proved (b) «=> (c) <«• (d) «• (e). Condition (a) is a consequence of (d) and (c). For, condition (d) implies
HiB(n)= lengthL © gr'(A) ®K gf (Bf Conversely, from [Hej, Satz (1.1)] we know that (a) implies (e). Now all we have to prove is the remark at the end of the theorem that conditions (b) and (c) are satisfied if one of them is satisfied for i = 1. This is done in [He3] . But there is a much more elementary proof due to the late Professor Lech; we give a reformulation of this here. All we have to show is the following lemma.
(1.3) Lemma (Lech) . Let f: (A, m) -> (B, n) be aflat local homomorphism such that mB n nJ = mnJ" for all j. Then (2) m'B n n; = mV-' for j>i.
Proof. The case i = 1 is trivial, so assume / > 1 . By the induction hypothesis, mB n n"' = mB n m'_15 n nJ = mB n (m'~ V~'+I).
Fix some minimal set of generators xx, ... , xN of the ideal m!~ . Then any element y of the left-hand side of (2) Here a hat " ~ " on xk means that this element is to be omitted. We see that bk is in mB , hence in mB n nJ~'+ . Therefore E, j-i «'-I « ;'-«' bkxk G mn • m = m n
We have proved that the left-hand side of (2) is contained in the right-hand side. The converse inclusion is trivial. Q.E.D. Therefore HB = HAHB , i.e., f:A->B is tangentially flat. We have proved that condition (b) of (ii) implies condition (a). The converse implication follows from (i).
To prove (iii), note that condition (a) implies (b) and (c). Conversely, assume that (b) or (c) is true. All we have to show is that then equality holds in (b) and (c) respectively. For this it is sufficient to take the sum over all coefficients of the series on both sides of (b) and (c) respectively to obtain an identity, i.e., we have only to show CO oo (3) £«!(*) = E E *!(«)<(«). (i) f is flat.
(ii) ordB(ab) = ordA(a) + ordB(b) for every a e A and for every b e B such that ordB(b) = ordB (b0). Here B0 := B/mB is the special fiber of f, b0 is the residue class of b in B0, and ord is the order with respect to the maximal ideal in the corresponding local ring.
(iii) Condition (ii) is preserved if f is replaced by fi ®AA/I for every proper ideal I of A.
Proof. Suppose / is tangentially flat. Then / is flat by Theorem (1.2). Since tangential flatness is preserved when passing from f to f ®A A/I (see Remark (1.4)(i)), it is sufficient to prove that condition (ii) is satisfied. In proving this, we may assume a and b are both nonzero. Then the initial form in(Z>) of b in gr(B) represents a nonzero element of the K vector space gr(5)/gr+(^)gr(5) = gr(£0), hence a member of a family of homogeneous and linearly independent generators of this vector space. Lifting these generators to homogeneous elements of gr(B), one obtains a free generating set of gr(5) over gr(^4), and lifting these to B , one sees that there is a family (b¡)i€l of elements bi e B such that 1. b is a member of ib¡)ieI. 2. B C £ Ab¡ + n for every k . 3. Ylieiajb¡ G n , a¡ e A, implies a¡G m (,) for every i e I, where </(/):= ordB(o,.). '
Let ord^(a) = r, ordB(b) = s, and ordB(ab) = t. Then (1) and (3) imply a e m'~s, i.e., r + s > t. Since the converse inequality is trivial, this is the claim of (ii). Now suppose conditions (i)-(iii) are satisfied. Since tangential flatness of / is equivalent to tangential flatness of / ®A A/m for every k , we may assume A is an Artin local ring. The further proof uses the proposition of [He3] . From this proposition we see that there are families (¿7Í)Í6/. 0 = 0,1,2,...) of elements bi} e B such that 4. ordBibjA) = ordB (bjt mod mB) = j . 5. The homomorphism of ,4-modules oo j=o ieij is well defined and bijective (since / is flat). 6. / is tangentially flat if and only if J2ajiDji € nkB implies a.f G mf or all i e I, and all /.
7. For any given j the bji 's represent AMinearly independent elements of njBJnj+lB0.
Assume that / is not tangentially flat. Then by property 6 there is an element (4) b = ^2aJlbJieB
such that ordA(ajt) + ordB(¿7-,-) < ord~(b) for at least one pair (j, i). Define u := miniord^a.,.) + ord^ô.,.))
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use and omit in the sum (4) all terms but those satisfying
Then the sum (4) becomes finite, since for any given j there are only finitely many nonzero coefficients aji. In particular, b is in B . Let TV :=#{ (;, 01^0} be the number of nonzero members in the sum (4) and let r := minord^(a. ).
Replacing /by f ®A A/mr+l, the orders of the elements bji do not increase by property 4, so equality (5) remains true. Therefore we may assume (6) r = ordA(ajA) for every nonzero aj¡..
From equations (5) and (6) we see that a-t ^ 0 only if j = u -r. In case there are two pairs (j, i) and (/, i') such that a.y £ a/¡^> me homomorphism / can be replaced by / ®A A/a^A with the effect that one of these coefficients becomes zero, i.e., N decreases. This can be done only a finite number of times. So we may assume that any two nonzero coefficients a,i are proportional, i.e., a" = eita with a e A fixed and e" a unit for some pairs (j, i) satisfying j = u -r and zero otherwise. Then b = ab', b' :=J2eu-r,ibu-r,ii
From property 7 we see that b' has order ordB(b') = ordB (b'modmB) = u-r. .
By construction, ord^(a) = r. Therefore ordB(ab') = ordB(b) >u = r+(u-r) = ord^(<2) + ordB(b').
This contradicts our assumptions (ii) and (iii). Hence / is tangentially flat.
Q.E.D.
(1.6) Proposition. for any n x «-matrix A over R with rows r , ... , r". Further let ord(r) := (ordR(rx), ... , ordÄ(rn)) for r = (rx, ... , rf e Rn . If r G R, we write (r):= (r, ... , r) for the «-tuple with all coordinates equal to /. It will be clear from the context which « we have in mind. In case the coordinates of r and 5 are integers the inequality r = (rx, ... , rf <s = (sx, ... , sn) means that ri < s¡ for every i.
(1.8) Theorem. Let the local homomorphism f: (A, 9JÎ, k) -► (R, 971, L) be tangentially flat and let the ideal I Cm be such that B := R/I is flat over A .
Then the following are equivalent.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (i) B is tangentially flat over A . (ii) There is a standard base rQ of the ideal IQ := IR0 of R0 := R/mR that can be lifted to an n-tuple r of elements from I such that ord(r) = ord(r0) (in which case any such lift r of any standard base r0 is automatically a standard base of I). (iii) Every element x0 e I0 can be lifted to an element x e I such that ordÄ(x) = ordÄo(x0).
Proof, (i) => ( Here the first isomorphy comes from the fact that R is tangentially flat over A (see Theorem (1.2)(c)) and the third is a consequence of the tangential flatness of B over A. The surjectivity of the left-hand side vertical homomorphism may be interpreted as follows: for every positive integer k one has the inclusion (/ + mR) n onk C (I + mR) n £ül*+1 + / n mk + mR.
The Artin-Rees lemma implies (/ + mR) n mk c i n mk + mR, i.e., every element from 70 of order k can be lifted to an element of I with the same order.
(iii) => (ii) This is trivial, except for the assertion added in parentheses, which will be proved later. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
Note that the isomorphism in the third row exists, since R is tangentially flat over A . We have proved tangential flatness of B over A . Since the inverse mapping given above is bijective, the following identity holds in gr(7?) :
in(r) gr(R) + (gr+(A)) = gr(7, R) + (gr+(A)).
Therefore, gr(7, R) = in(r) gr(R) + gr(7, R) n (gr+(^)).
Since gr(R)/ gr(I, R) = gr(B) is flat over gr(^4), the second term on the right can be written gr+(^) • gr(7, 7?), so that gr(7,R) = in(r)gr(R),
i.e., r is a standard base of 7. Q.E.D.
Tangential flatness and the normal module
In this section we give the announced characterization of local singularities with only tangentially flat deformations. In case (R, 9JI) is a local ring, we will always assume that FR is the canonical filtration defined by the powers of the maximal ideal, i.e., Proof, (i) => (ii) We have to show that B' = R/l' is tangentially flat over A . For this it is sufficient to prove that I' satisfies condition (ii) of Theorem (1.8).
Define R := R/tR and 7 := IR = l'R, and let r0 e RnQ be a standard base of 70 . Since B is tangentially flat over A , r0 can be lifted to a standard base r e Rn of 7 satisfying ord(r) = ord(r0). In particular the coordinates of r generate 7. Since B' is flat over A , there is a lift f e Rn of r such that the coordinates of f generate l'. Write r = r + ts0, r e R" , s0eRç, such that ord(r) = ord(r) = ord(r0).
Note that ts0 is a well-defined element of Rn , since t annihilates mR. Let e := ord^(i) and assume the lift f and its decomposition f = r + ts0 are such that (7) ord(s0) > ord(rf -(e).
Then ord(r') = ord(r0), i.e., Ï satisfies condition (ii) of Theorem (1.8) and B1 is tangentially flat over A . So assume that (7) is wrong and choose the minimal integer m such that
Then m > e. It will be sufficient to prove that in this situation the decomposition f = r + ts0 can be replaced by another one with smaller m . We shall use the following notation:
ord(r0)=:(¿(l),...,¿(«)), sm0:=SKR0, S0 := s0mod(<(1)-w+1 e • • -e T4{n)-m+l) e gr(R0)n .
As we shall prove below the «-tuple S0 defines an element (8) (770, in(r0)} h-> residue class of (770, 50) of the normal module Nër{i0,R0) =Komgr{Ro)(gr(I0, Rf , gr(Rf/ gr(I0, Rf).
Note that, since r0 is a standard base of 70 , the elements of gr(70, 7?0) can be written (770, in(r0)> with 77p g gr(7*0)" . The element (8), if it exists, is homogeneous, since degS0 -degin(r0) = (-m, ... , -m). Its degree is -m , hence less than -e = -ord^(r). From our hypothesis (i) we see that the element (8) must be zero, i.e., the coordinates of S0 must be in gr(70, Rf). Since r0 is a standard base of 70 , there is a matrix A with elements taken from RQ such that the «-tuple s'Q :=s0-(A, rf satisfies
The inequality in parenthesis need not be true for all coordinates. It may be wrong for those coordinates, for which the corresponding inequality of ord(s0) > ord(r0) -(m) is proper. Nevertheless the inequality outside the parenthesis holds for all coordinates. From the decomposition f = r + tsQ one obtains r = r + t(A, rf + ts'0, hence r := (E -tA, r) = r + tsQ.
The matrix E -tA is invertible, (E -tA)(E + tA) = E , so r" is another lift of 7, whose coordinates generate I'. Replacing the decomposition f = r + ts0 by r" = r + ts'0 , the integer m decreases at least by one. So the proof of the implication (i) => (ii) is reduced to the assertion that (8) gives a well-defined element of 7V",, " .. Let 7L0 G gr(7<0)" be such that (770, in(r0)) = 0. We have to show (770, Sf) G gr(I0Rf). For this we may assume the relation (770, in(r0)) = 0 is homogeneous, i.e., (9) deg ( Choose « G R" such that in(«) = 77. Then (h,r) e Ott^1 + tR and
the latter being a consequence of (9) and the fact that ord(r) = ord(r0). Since F is a standard base of 7, there is an «-tuple «' G R" such that
Note that ord(r) = ord(r0). Let x0 e R0 be such that (h -h', r) = tx0 . Then ordR(tx0) = ordR(h -h',r)>d and by Theorem (1.5), since R is tangentially flat over A,
From (11) we see,
(h-h',r') = 0 modtR.
Since B' = R/r'R is flat over A , this relation modulo tR lifts to a relation of f in R . There exists some yQ G 7?^ such that (h-h' + ty0, r) = 0.
Indicating residue classes modulo mR by subscripts "0", we obtain
hence 0 = x0 + (h0 -h'0, s0) + (y0, rf and
We shall see that this implies the relation (770, SQ) e gr(70, 7Î0). To prove this, let us estimate the orders of the terms (h0, s0), (h'0, sf), and x0 . Note that (ii) => (iii) Let e := ordA(t) be as above and assume that gr(NIo)«-e)¿0.
Take a nonzero element g e N¡ = HomÄ (70, R0/I0) with initial form of degree less than -e in gr(7V, ). Given a standard base r0 e Rq of 70, there exists an «-tuple s0 e Rq such that giih0,r0)) = (hQ,sQ) mod70
for every hQe R^ . By the choice of g,
for at least one /. Here s0i and r0i denote the /th coordinates of the vectors sQ and r0 respectively. By assumption, B = R/I is tangentially flat over A . So by Theorem (1.8) there is a lift r of rQ to a standard base of 7 such that ord(r) = ord(r0). Define f := r + ts0 and let i' := f R be the ideal of R generated by the coordinates of r . Then B' := R/l' is flat over A. It is sufficient to show that B' is not tangentially flat. Assume the contrary and consider the coordinate r\ = rt + ts0 of f with i as in (13). The following identity holds in B' = R/I1 : t • (s0i mod 70) = -(r¿ mod 7').
Here t is considered as an element of B'. The term on the left is then a welldefined element of B', since t annihilates m. By Theorem (1.5) this identity implies e + ordRo/¡a(s0¡ mod If = ordB,(r¡ modi') > ordÄ(r() = ord^r,,,.).
But this contradicts ( 13). Q.E.D. will be called the normal module of the tangent cone. Note that by the minimality condition 7 C SUÍ , R and 7 are determined up to (nonunique) isomorphism, and hence so are the modules NB , N ^ , and gr(NB).
The lemma below shows that, without the assumption 7 ç 971 , N ^ and gr(NB) are unique up to direct factors isomorphic to gr (7? (ii) Let S be a polynomial ring or a power series ring in one indeterminate T over a Noetherian ring R, and let I ç R and J ç S be ideals such that J = IS + F S for some F e S and such that the coefficients of F generate the unit ideal in R. Then there is an isomorphism (14) and (15) This gives us the direct sum decomposition (14). Since (15) is obviously surjective, it is sufficient to prove it is injective. Let a e R represent an element of R/J , whose image is zero. Then ax e J = J +xJ. There is an element a e R such that ax e J' ç j' and a = a mod J . So our assumption implies a e J, hence a e J . (ii) Note that the assumption on F implies that the canonical homomor- which is the first claim of (ii) . We have used here that S/J is flat over 7?/7 (see [Ma, Exercise (7. 7)]). In case R is graded and 7 and F are homogeneous, multiplication by F shifts degrees by deg F . Taking this into account in the above calculations, one obtains the second claim of (ii) .
Finally assume that (R ,971) is a local ring, 5 = i? [[T] ], and F = T. Then from the proof of (17) of N¡ © (7?/7). This implies the last claim of (ii). Q.E.D.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Hence, by the first implication of Proposition (2.2), the homomorphism f:A-> B is tangentially flat.
(ii) => (iii) As above we may assume that BQ is complete. Suppose condition (iii) is not satisfied. Define
Here K is some field contained in B0 . By construction, the canonical homomorphism /: A -» B is flat and f ®A (A/tA) is tangentially flat. As above there is a commutative diagram of local homomorphisms A -^-+ B s\ /h R with g tangentially flat and h surjective. So Proposition (2.2) applies, proving that there must be some flat but not tangentially flat local homomorphism A -► B' with special fiber isomorphic to B0. This is the desired contradiction. Q.E.D.
(2.6) Remarks, (i) In case B0 is homogeneous, i.e., the completion 7?0 is a factor of a power series ring over a field modulo an ideal generated by homogeneous polynomials, then as graded modules. Conditions (i) and (iii) of the theorem are equivalent, and we have a necessary and sufficient condition in this case for a local ring to have only tangentially flat deformations.
(ii) It would be desirable to have the equivalence of the conditions of the theorem for more general situations, say for quasi-homogeneous singularities. The canonical filtration of B0 (by powers of the maximal ideal) should then be replaced by some filtration more adapted to the concrete singularity, e.g. by some quasi-homogeneous filtration. Indeed, Theorem (2.5) and all the other assertions above have analogues with rather general nitrations instead of the canonical one. The treatment of the general case is much more technical and will be published elsewhere.
(iii) Condition (i) of the theorem can be found in a paper of J. Herzog (Essen) on what he calls strict local rings (see [He, Theorem 1] ). The elementary Corollary (2.12) below just says that Artin local algebras over a field with only tangentially flat deformations are strict. Theorem 1 of [He] is a direct consequence of this fact and our Theorem (2.5).
Proof of (18). We may assume BQ = Tv0/70 with R0 a power series ring over some field and 70 an ideal generated by homogeneous polynomials fx, ... , fn and contained in the square of the maximal ideal. Then / := (/,, ... , ff) is a standard base of 70 and its coordinates can be considered as a generating set of gr(70, Rf). The homogeneous elements of degree d of N ,B , are given by «-tuples g e R-l of homogeneous elements of R0 satisfying (19) (r,fi) = 0^(r,g)el0,
Two such «-tuples g, g' e Rq give the same element of TV (B s if and only if g = g mod I0RnQ.
An analogous description of the elements of NB is obtained if one omits the second condition of (19) and the homogeneity condition. The elements of Fx are given by «-tuples g satisfying deg/+(u?) < ordg.
From this it is easily seen that the elements of gr(TVB )(d) are given by «-tuples of homogeneous elements satisfying (19). Q.E.D. Here L denotes as usual some field. Then B0 has only tangentially flat deformations.
Proof. We have to show TV ,B A< -1) = 0. The homogeneous elements of NarlR s of degree d are given by 6-tuples G of homogeneous polynomials 8*A**ol Gx, ... , G6 of degree e = 3 + d such that
Here F is the 6-tuple with coordinates F{, ..., F6. So we have to show that any 6-tuple G with homogeneous coordinates of degree e = 3 + d<3-l=2 satisfying (20) is the zero 6-tuple. The proof of this is concentrated in the following table.
The polynomials of the first row of the table are the generators F( of 70. The space between the two horizontal lines contains the syzygies of these generators Fi needed for the proof, and the space below indicates how to see that every G¡ must be zero.
Note that, since the Fi 's are power products, we may assume that the Gi 's are monomials (of equal degree < 1). From the first syzygy given in the table we see that YGX -XG4 G 70 . Since YGX -XG4 is a polynomial of degree at most two and 70 is generated by power products of higher degree, this implies YGX -XG4 = 0. In case Gx f= 0 we may assume Gx= X and G4 = Y. This is what we express by writing the indeterminates X and Y at the first row below the second line. From the second syzygy we see that Z2-Y-XY-G6e 70. Since 70 is generated by power products this implies either Z • Y, XYG6 G 70, or Z • Y -XY • G6 = 0. Both is obviously impossible, which we have indicated by writing " \ ". So Gx must be zero, a fact that is expressed by the first figure "0" in the row above the last row. The first syzygy now implies XG4 e I0, hence G4 = 0, which is the meaning of the second figure "0" in this row. By symmetry we conclude that the remaining coordinates must be zero, too, hence the figures "0" in the last row. Q.E.D. Note that B0 is the completed local ring at the vertex of the affine cone over the Macaulay curve Vx2\ (the projection along the second coordinate axis of the Veronese variety P1 = Vx 4 <-» P4).
Proof. The claim follows from the table below. Proof. Let f:(A,m)->(B,n) be a flat local homomorphism satisfying 7?/m7i = B0 . We want to show that / is tangentially flat. For this we may assume that A , B, BQ are complete local rings. Take elements y, G B with residue classes in B/mB = B0 corresponding to the x¡ 's. Then the sequence yx, ■ ■ ■ , y is 5-regular (see [Ma, Corollary to Theorem 22.5] [Ma, Exercise (22. 3)]). By construction, the special fiber of (21) The example that follows is due to D. Eisenbud and J. Herzog (see [He, Proposition 1] ) and gives a very useful criterion for a local ring to have only tangentially flat deformations. It implies that in the case of embedding dimension at least three all extremal Gorenstein algebras (see [Sehe] ) and many of the compressed Artin algebras (see [ I, (3.8) with power products sx, ... , sn of equal degree d such that every s¡ is contained in some subset S(i) ç {sx, ... , sn} satisfying the following conditions.
(i) The elements of S(i) have greatest common divisor GCD(5(/)) ofi degree at most one. (ii) Any two elements s,t e S(i) can be connected by a sequence s = s/(0), si(Xs,..., si(ks = t of elements from S(i) such that
is the quotient of two indeterminates for j = 1, ... , k .
In this situation B0 has only tangentially flat deformations.
(3.2) Definition. Let S = {sx, ... , sn} be a set of power products of the indeterminates Xx, ... , XN such that any two elements s, t e S can be connected by a sequence 5 = 5({0), s( (1), ... , s¡,ks = t of elements from S such that siu-i)l'si(j) = Xtij)lXvU) *s a Quotient of two indeterminates for j = I, ... , k . Then we say that S is I-connected. Note that the elements of every 1-connected set of power products have equal degrees, so that it makes sense to speak of the degree of a l-connected set. If S is any set of power products, the maximal 1-connected subsets of S will be called 1-components. With this terminology, Proposition (3.1) can be rephrased as follows. for every i. Since the s¡ 's are power products, we may assume that the G¡ 's are monomials. Consider the 1-component S(i) of S := {sx, ... , sn} containing s¡, and take any sequence s/(0), ... , s¡,ks G S(i) as in condition (ii) (ii) Every l-component of S := {sx, ... , sn} has GCD of degree at most one, i.e., consists of at least two elements.
Proof. By (3.1) it suffices to show (i) implies (ii) . Assume there is a l-component of 5" consisting of one single element, say sx . Let g := (1,0, ... , 0) e Rq he the first coordinate vector and s := (sx, ... , sf. It will be sufficient to show that g defines an element of TVgr(/ R .. Let h e Rq be such that (h, s) = 0. We have to prove (h, g) e J0:= (sx, ... , sn)L[Xx, ... , XN]. For this we may assume that h is one of the generators of the module of syzygies of 5 . Since the coordinates of s are monomials, we can take as generators the pairwise relations of the s¡ 's. The case that the first coordinate of h vanishes is trivial, so we may assume « comes from a relation of sx with some other s¡. By assumption, sx is relatively prime to all other elements of S, so h is a multiple of (s¡, 0, ... , 0, -sx, 0, ... , 0), where all but the first and the ith coordinate are zero. But then, (h, g) G (sA) ç JQ . Q.E.D.
The following two examples are directly derived from Proposition (3.1). for some regular sequence xx, ... , xr is of the same kind. So, starting with B0 , one can produce a whole series of singularities B'Q with only tangentially flat deformations. Applied to Example (3.7) the algebras B'0 obtained in this way are just the so-called extremal Cohen-Macaulay algebras (more precisely those algebras for which gr(B'f is extremal Cohen-Macaulay, see [Sehe] ). Among them are, for example, the singularities defined by the maximal minors of generic matrices and the Cohen-Macaulay singularities of maximal embedding dimension. Let g = (gj) be a family of power products defining an element of TV (/ R , such that deggj -degt'j = e < -1.
We have to show that the element of TV (/ R , defined by g is zero. Note that the set of «*' 's consists of the two 1-components {tx, ... , tn) and [tx, ... , tm} of degree d and d -1 respectively. From Remark (3.5) we see that g1 G gr(70, Rf) for every j, hence we may assume gj = 0 for every j.
For arbitrary i the monomial Xxt° is divisible by some i!, i.e.,
x/i-xat)=o for some power product Xa of degree two depending upon i. Therefore xxg¡ = xxgi-xag)e&iiQ,RQ).
The degree of Xxgi is less than d, so Xxgi e XX(X2, ... , XN) ~ , hence gfe(X2,...,XN)d~2 for every i. On the other hand we have proved gf e (X2, ... , XN)d~2. Therefore, gf e XX(X2,... , XN)d~2 and, observing that deggf <d-l, g° = 0. Q.E.D. 13. x2, A"yz, y3, y2, z. 7« i«e /aè/e efBf denotes the multiplicity of B0, TB is Schlessinger's module, and c is the characteristic of L.
The proof of the theorem is tedious and consists in checking a rather large number of cases using the previous propositions and the method of Example (2.7). We omit it.
Further examples
In this section we use the results obtained so far to construct singularities with only tangentially flat deformations, which are not necessarily defined by power products. The following example illustrates how to decide whether an inhomogeneous singularity has only tangentially flat deformations. One uses the fact that, by Theorem (2.5), the existence of tangentially nonflat deformations implies the existence of such deformations for the associated singularity defined by homogeneous equations (or by power products, see below). Proof. Let fxo := X2, f20:= XYZ , /30 := Z2 be the initial forms of the fii.
We first show that the ideal l'0 generated by fix0, fi20, fi30 defines a singularity with only tangentially flat deformations. This is easy, since there is no problem to write down the syzygies of the fi0 's, and follows from the table below (using the terminology of Example (2.7)). The function a can be the usual addition,
in case ord is the weight coming from some Hodge algebra structure on B0 or in case ord = deg. In case ord = Ord is the lexicographic order, a can be chosen to be For example, if B0 is (the completion at the irrelevant ideal of) a graded Hodge algebra on the partially ordered set 77 := {Xx, ... , XN) governed by the monomial ideal X (see [DEP] ), ord is the associated weight function [DEP, If ord is the lexicographic order function and a is defined as in (24), then grf Q(70,7v0) is the ideal generated in the polynomial ring grF Q(7?0) = L[XX, ... , XN] by the lexicographically first monomials of the elements of IQ .
For every power series f e R0 let ordF(fi):=sup{deN\fieFdR0}.
Then from (23) we see (25) ordF(f-f)>a(ordFfi,ordFf).
The initial form of / G R0 in grf a(RQ) is defined to be inF(f) := (fmodFd+lRf e grF JRf in case d := ordF / is finite and is defined to be zero otherwise. A standard base of 70 with respect to the given ord and a is an «-tuple f = (f1,..., fn) of elements from 70 such that the initial forms inf (ff of the coordinates of / generate grf a(70, Rf . This means that 70 n FdR0 = j¿ rifii | rt e R0, a(ordf rt, ordf fif>d\ for every d. (" D " is trivial and " ç " is true modulo F +lR0, so the identity follows from the Artin-Rees lemma and the fact that F R0 is contained for large k in arbitrarily high powers of the maximal ideal.) In particular the fii generate 70.
In what follows the ring grf a(Rf), which is isomorphic to L[XX, ... , XN] as an L-vector space, will be considered to be contained in
Note that then the multiplication in grf a(R0) satisfies
otherwise.
An element f = YlcvxV e Ro> cv e L, is called homogeneous of order d if cv ± 0 implies ord(X1') = d. Note that homogeneous elements of R0 are automatically in grp. a(R0) ■ Let fix, ... , fne R0 be homogeneous elements. Then a homogeneous syzygy of f := (fi, ... , fif is an «-tuple r = (rx, ... ,rn) e RnQ of homogeneous elements of RQ suchthat (r, f) = 0 and »(ord^-r,, ordF fA) is independent upon i whenever it is defined. Here the subscript "gr" means that in the sum n (r>f)êr = J2rifi
(=1 the products rifi should be carried out in the ring grf a(Rf). The number a(ordFr¡, ordF fi) will be called the syzygy order of r, which must not be confused with ord r, the «-tuple of the ord ri 's. (ii) There are n-tuples h1 = (h\, ... , hJn) e R^ such that in R0, (r1, s) = (hJ, s) for every j and such that a(ordf h\, ordF s A) is greater than the syzygy order of rJ for every i (and every j).
If these conditions are satisfied, the syzygies r -h , ... , r -h of s form a generating system of the relation module of s. Let us prove that (ii) implies (i). We have to show that 70 n FdRQ C 7(<5?) for every d . Since 70 = 7(0), it suffices to prove (26) I(k)r\FdR0Cl(k+l) for k<d.
Let x e I(k) n FdR0 . Then there is some h = (hx, ... , hf e R"Q such that (27) x = (h,s) and a(ordFht, ordFsA)>k for every /. We may assume that equality holds in (27) for at least one /. For every given r e R0 let r(j), j = 0, 1, 2, ... , denote the homogeneous elements of 7?0 satisfying oo r = Yl rU) and ordF r0') = i ■ 7=0 Then, comparing coefficients in the identity x = (h, s), we obtain for the homogeneous elements of order k , 0 = ¿(V,)(/c), «=i
i.e., there is some nonzero «-tuple 77 = (77,, ... , Hf) e Rna such that 77; is either zero or the initial form of «( and such that 77 is a homogeneous syzygy of va.Fis) with syzygy order k . In particular, 77 can be expressed in terms of the generators r1. There are elements «a, G R0 and tí = (h[, ... , h'n) e 7?q such that To prove x e I(k + 1), it will be sufficient to show that each term on the right is in I(k + 1). The second inequality of (28) (28)).
Therefore (ajhj, s) e I(k + 1) as required. This proves (26), and hence that (ii) implies (i).
We have yet to prove that rl -hl, ... , r -h generate the relation module Z(s) of s . Let « = («,,..., hf) e RnQ be a syzygy of 5 such that (¿(ordphi, ordFsA) >q for every i. Then, using the same arguments as above, we see that there are elements «2 G R0 and h' = (h'x, ... , h'n) e Rq such that (29) h = f2"jirj-hi) + h' 7=1 and a(ordFh'¡, ordps¡)>g+l.
Iterating identity (29), we see that every syzygy A of í can be written
with suitable coefficients a G 7?0 and q arbitrarily large. In particular, q can be chosen such that F9R0 is contained in arbitrarily high powers of the maximal ideal 9tt0 of R0, i.e., by the Artin-Rees lemma, k Z(s) = Y,R0(rJ-hJ) + mi0.Z(s).
7=1
Hence the syzygies rj -hj generate Z(s). Q.E.D.
(4.4) Definition. Let S be a locally Noetherian scheme, E a locally free sheaf on S of finite rank r, and V:=V(E) = SpecS(E) the associated vector bundle on 5. A. family ofi affine cones over S is a closed subscheme X := SpecS(£)/7 ^ V defined by a sheaf 7 of homogeneous ideals of the symmetric algebra S(7?) of E over tfs such that the composition X -> V -* S is a flat morphism.
(4.5) Proposition. Let X -> V -> S be a family of affine cones over a locally Noetherian scheme S, and let s0 e S be a point such that the normal sheaf of the fiber X. over sn in V has no nonzero homogeneous sections ofi degree less than minus one,
Then the same is true for all points s from a neighborhood U of s0, yPXJV(<-l) = 0 fiorseU. . All the homomorphisms above between free modules over RA, BA, Rk,,, Bk,s can be represented by matrices with elements from 7?^ . Application of the functor ®Ak(s) does not change the matrix and application of the contravariant Hom-functors replaces the matrices by its transposes. Taking this into account, it is easily seen that the second map of (33) is given by the same matrix like the first map of (31 ). So application of ®Ak(s) to (31 ) gives the exact sequence (33). Taking elements of degree less than minus one, we obtain the exact sequence This proves 0-^TV, (<-l)^L°®Ak(s)^Ll ®Ak(s).
The following assertion can be considered, in some sense, as a special case of (4.5), but seems to be more important for applications. We give an independent proof. (34) a(ord(Xv), ord^"')) -ord(X"W).
Consider grf a(Rf asan L-linear subspace ofi R0.
If B'0 := R0/l'0 has only tangentially flat deformations with l'0 the ideal generated by the initial forms inF(fi) e grf a(R0) of the elements f e I0, the same is true for B0 := R0/I0. The following implication is true:
when grf Q(7?0) is considered to be N-graded with the graded structure coming from the usual graded structure of L[XX, ... , XN] defined by total degree.
The proof follows from the lemma below, which uses the notion of graded structure in a slightly generalized sense. We say a module TV over an N-graded ring R = 0 R(d) has a generalized graded structure over R if (7(;)nFuR (7))ç /(; + fc) n F¿+'Tv(7 + fe) + 7(7 + fe) 7(7 + *) so that the image of C7 in TV ,. ", is homogeneous of degree k. In other words, the homomorphism (35) respects the graded structures coming from that of R. Returning to the general case, we want to show BQ has only tangentially flat deformations. For this we shall apply Proposition (4.6) with "ord" the weight function on the monimials in the variables from 77 defined by the partial order of 77 (see [DEP, proof of Proposition 1.1]). We see that it is sufficient to show TV" (<-l) = 0 when TV" is considered to have the graded structure coming from the graded "00 structure of the polynomial ring L[77] defined by total degree. Let S be the set of generators X., • X., of S. By Proposition (3.6) it suffices to show that every 1-component of -S consists of at least two elements. In what follows we shall say that a finite ascending sequence of integers xx < x2 < ■ ■ ■ < xk has a gap between x¡ and xi+x if xi+x -x¡> 1, and the number it S '■= J2(xi -x«-i -!) = xk -x\ -ik -l) 1 = 2 will be called the gap number of the sequence.
Assume there is a 1-component of -S containing only one element, say Xf)<] • X ,. Then, since [/'.] and [j. ] are incomparable, we may assume that (36) (1 <) i. < ja < •■■ < jk < ■ •• < jb < ib (< «) for suitable subscripts a, b. In particular d > b-a+l and n > b-a+3. There cannot exist a variable different from X , and X , and incomparable with one of these two variables, since otherwise the 1-component of X ,-X.. , would have another element. In case the sequence (36) has one or more gaps, such a variable exists, i.e, this cannot happen. From (36) we see that each of the sequences 0 < 7, < • • • < ja and jb < ■■■ < jd < n + 1 has at least one gap, so that there is more than one possible choice for the integers jk £ [ja, ja+l, ... , jb) provided there are such integers jk . Hence there are not, i.e., d = b -a + 1,
By (36), the sequence /,<••■< ik < ■■■ < id has gap number equal to two. So there cannot be any ik strictly between /, and id (there would be several choices for ik), i.e., «7 = 2.
The gap number of 0 < ix < i2 < n + 1 is (n + 1) -3 = n -2. So in case « > 5 there is a gap between 0 and /, or i2 and « + 1, which is impossible. Therefore, « = 4 and d = 2. But this situation has already been treated. Q.E.D. Proof. We may assume that at least one ak is positive, the case ak < 0 for all k being treated in the previous example. The graded ring gr(50) is obtained from the coordinate ring of Gd n as a factor ring modulo the ideal generated by the indeterminates X, , , such that i«i >■•■> «¿j
(skip the inequalities with nonpositive ad_k+x). Therefore, gr(7?0) admits the structure of an ordinal Hodge algebra on the poset ik i ad-k+\ + (& -1) for at least one k such that ad_k+x is positive J with the partial order induced from the partial order of the poset 77 of the previous example (see [DEP, Proposition 1.2 and §11] ). Let S' be the set of generators for the associated ordinal ideal of monomials. As in the previous example it will be sufficient to show the 1-components of S' contain at least two elements. Suppose there is a generator (37) xlL].x^es', 77':= whose 1-component contains no further element. Then there is no variable in 77 different from X . and X , and incomparable with one of these variables. As in the previous example, we may assume (38) (1 <) ia < ja < • • • < jk < ■ ■ ■ < jb < ib (< n) for suitable subscripts a, b . If there is some ik or jk that can be increased preserving these inequalities, we get a contradiction. So the following sequences have no gap: License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
In case a2 = ad> 1 we see as above Qa a =Qa _x a _,, which we already know to be impossible. So we may assume a2 = 0, i.e., Çl = ita 0 = { W ç V | dim W n V3_a > 1} (dim V = 4, dim W = 2). Then (0 <) ax < 2, since otherwise Q = 0. In case a, = 2, Q = P2 = Qq , which we excluded from the beginning. In the remaining case ax = 1, Q = Q, 0, the cone over £2 is easily seen to be a complete intersection. Q.E.D.
(4.10) Example. Let 0 < dx < ■ ■ ■ < de < n be integers and let Fn(dx, ... ,de) denote the variety of flags Vd %---%Vd in «-space V satisfying dim Vd = dk for k = I, ... , e. Consider Fn(dx, ... ,df) to be embedded in the usual way by Grassmann coordinates: Fnidx,...,de)^f[Gdkn^flp(/\^v).
Then the local ring B0 at the vertex of the affine cone over Fn(dx, ... , de) m Ii;t=i A * V has only tangentially flat deformations in case (n,e,df) ( 4, 1,2) and is a complete intersection otherwise. (4.11) Remark. In the same style as in the above examples one can treat determinantal varieties, Pfaffian varieties, varieties of complexes, and many others. We shall give here only one further example, the Veronese varieties.
(4.12) Example. Let Vm n denote the Veronese variety, i.e., the image of the w-tuple embedding P" -> PN, TV := (m+") -1. Then the local ring B0 at the vertex of the affine cone over Vm n has only tangentially flat deformations in case (m, «) ^ (2, 1) and is a complete intersection otherwise.
Proof. Let X := {XJ be a set of (m^"") indeterminates Xa = Xa (0) is the homogeneous coordinate ring of Vm n . As in the above examples the proof is based on the fact that gr(7?0) admits a certain Hodge algebra structure over L, which we are going to describe now. Equip the power products {Yv | v e N"+1} with the lexicographic order, 
